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Longitudinal modes of optical cavities

Fabry-Perot resonator for plane waves:
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After treating the two mirrors as beam splitters, we find
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And we get the relative intensity reflection and transmission as
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Longitudinal modes of optical cavities

For identical mirrors, no losses, = .‘ Ecav ‘l
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Longitudinal modes of optical cavities

For identical mirrors, no losses, b .‘ Fea
[— »
Teav = r = L =|<
cav 1 R)2 AR si 2 TV - 1 2F\2 i 2 TV =I>
( o ) + SV Arsr + (?) SI AFrsr Er

With F > 1, close to resonance j we can write FP Cavity Transmission

1.0
1
7::(11) =~ 2 0.8 -
1+ (22)? [W(V_—%)] <
A S
™ FSR g 0.6 1
: : =
Lorentzian profile A o
< 0.
=
0.2
0.0

-75 —-50 -25 00 25 50
V— Vo
ov




Longitudinal modes of optical cavities

Electric field inside cavity: Ey .‘ B
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Longitudinal modes of optical cavities

Averaging the intensity inside the cavity, Ey
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Finesse of cavity:

~ * Frequency sensitivity
* Electric field amplification




Longitudinal modes of optical cavities

Nonidentical mirrors limit finesse, intensity enhancement,
transmission:
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Longitudinal modes of optical cavities

In presence of losses (supposing identical mirrors): R+T+A=1

T2

(1—A—R)’

7'cav —

Maximum mirror reflection: R,,u.=1—A

V Rmaa:

Maximum finesse:  Fiaz = WW
- max
Maximum transmission vs T
100,
s oy
§ 10714 s
= 32
2.0 5
g 1074 <
- =
20 z
s 1074 =
© — A=1le3 3
10-41 ---- No absorption
103 104 103 102 101

T

: 2 TV
(1 - R)?+ 4Rsin (A}‘SR)

100_

10—1 ]

10—2 ]

10—3 4

10745

(1- R)2 1+ (2—)2Sin2 (

vV1—A
A

Maximum transmission vs R

— A=1e3
---- No absorption

0.980 0.985 0.990 0.995 1.000
R

Internal intensity

Resonant intensity enhancement vs R

] — A=1e3

---- No absorption

0.980  0.985

0.990 0.995  1.000
R



Transverse spatial modes of optical cavities

For transversely finite beams: diffraction

Need to consider stability of beam after round trip: curved mirrors
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Kogelnik, Herwig, and Tingye Li. "Laser beams and
resonators." Applied optics 5.10 (1966): 1550-1567.
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Stable region of parameters: admits solution of
paraxial equation of light propagation



Transverse spatial modes of optical cavities

Paraxial equation of light propagation

2 e . .
Wave equation: %6675 _v28=0 ,withfield &=1(z,y,z)e ! >
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Slowly varying envelope approximation — paraxial equation: 2:k =
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Basis of solutions: Gaussian beams
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Transverse spatial modes of optical cavities

Fundamental solution: Gaussian beam
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In free space:

X A




Transverse spatial modes of optical cavities

In resonators: well-defined spatial mode, obtained by matrix formalism
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Kogelnik, Herwig, and Tingye Li. "Laser beams and
resonators." Applied optics 5.10 (1966): 1550-1567.
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Transverse spatial modes of optical cavities

In resonators: well-defined spatial mode, obtained by matrix formalism
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Kogelnik, Herwig, and Tingye Li. "Laser beams and
resonators." Applied optics 5.10 (1966): 1550-1567.




Transverse spatial modes of optical cavities

In resonators: well-defined spatial mode, obtained by matrix formalism
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Transverse spatial modes of optical cavities

In resonators: well-defined spatial mode, obtained by matrix formalism
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Kogelnik, Herwig, and Tingye Li. "Laser beams and
resonators." Applied optics 5.10 (1966): 1550-1567.




Transverse spatial modes of optical cavities

In resonators: well-defined spatial mode, obtained by matrix formalism




Transverse spatial modes of optical cavities

Basis of solutions: Gaussian modes
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Laguerre-Gauss basis (cylindrical symmetry) OR Hermite-Gauss basis (cartesian symmetry)

... or other

Mbandres, CC BY-SA 4.0 <https://creativecommons.org/licenses/by-sa/4.0>, via Wikimedia Commons



Transverse spatial modes of optical cavities

Basis of solutions: Gaussian modes

Gouy phase
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— Different transverse resonances for the spatial modes: v; = Arsr |J + - arccos (1 — E)]

N=m+n or N=]|l|+2p for confocal cavity



Transverse spatial modes of optical cavities
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Quantization of cavity mode

Cavity modes are a natural basis for the quantization
of light inside cavity

« j"longitudinal mode V; = jArsr

* Transverse mode (m,n)

A
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Hamiltonian H.,, = Z hw; @ mon &},m,n [&j,m,ny &},,m,,n,] = 055 Om,m’ On n/
j’m7n
Electric field t f o E( . 8(1) A ik;z A~ —ikjz
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Quantization of cavity mode

Effective volume of the cavity mode: Purcell definition w
0
v fv | dr
eff — 2
(rc) |5 (rc)|
4 >
L

For the fundamental Gaussian mode, V.g = ngL

BUT: Standing wave formed by incoming and reflected beam:
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Quantization of cavity mode

Effective volume of the cavity mode: Purcell definition

fV | dr

Vet = <rc> |e<rc>|2

A

For the fundamental Gaussian mode, V.g = §wOL

BUT 2: For lossy cavities: generalized mode volume.

- Lossy channels: Quasi-normal modes
- nontrivial normalization

- Generalized mode volume
P. T. Kristensen, S. Hughes, ACS Photonics 2014, 1, 1, 2-10




Coupling light to the cavity

Impinging light near-resonant with a cavity mode a : new
effective Hamiltonian term (non-Hermitian!!)

Hi, = ihne™tal — ihin*e™ ™G

1+ Pump rate of the electric field
w : Frequency of incoming field

The cavity is an open system — Lindbladian:
Jump operator a, field decay rate ¥ H=H., +H,

Total Hamiltonian: H= IA{caV + f{in

Rotating frame of incoming light: e~ ™%q — 6, ¢™“fal — 4l

In the rotating frame, keeping only quasi-resonant mode, H = —hAcata +in (77&T — 77*&)

Ac = w —wc : Cavity detuning



Coupling light to the cavity

Evolution equation for an operator:
dA i, . A .
= % [H A] tr (2&%& _atad - AaTa)

Evolution equation for the density matrix:
dp 1

L= — | A, A] +r (20pa! - a'ap - pa'a)

Mean-field approximation: evolution equation for « = (a) and for the average photon number <aT&> :

— = (1Ac — M: 7 ATV — st
(tAc —Kr)a+n g” n((a)+(a")) —2x(a'a)



Coupling light to the cavity

In the mean field approximation,
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Coupling light to the cavity

In resonance,

In the case of negligible losses and for identical good mirrors, there
Is perfect impedance match with incoming light (no light reflection):

dF
Pinc — Ptransm — | (E)
losses

Pine = 2K5hwe {aa' (c0))

= 2xkFE

2
Inl” hwe In|*  Rate of photons coupled
k k2 to cavity
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Classical limit of light inside cavity

Let’'s consider now a time-dependent amplitude of the
incoming field:

pri [iAc — k] a+n(t)

t
a(t) = e!Be=mty(0) —I—/ e Ao=m)t=T) (1) dr
0

Green'’s function that represents a low-pass filter (and dephasing) of the

_ i(Ac—k)t .
G(t) = e *incoming amplitude function

Spectral filtering - Temporal filtering



Particularities of ring cavities

Cavities composed of > 2 mirrors present some particularities with
respect to linear cavities:

* Two resonant modes of opposite propagation

* Break of degenerescency between s and p polarization

rs,rp : Reflection coefficients of mirrors with different
amplitude and phase

- Modes of different finesse and resonant frequency

a. are propagating modes, not standing waves - uniform coupling to atoms



An atom in free space

- 5 — — x
Two-level atom coupled to the vacuum modes of light G: = le) (el = 1g) (4] ; le)
(Free Space): o_ =|g) (e Wa
Atomic dipolar transition of frequency W + light vacuum Gi= ()" —~_ |g)

A

o 2 o A ) R . N . A
Hamiltonian: H = hwa?z + ; hwkal];,eak,e — zh; (a_ + a+) (gk clk ¢ — Ok eaLe)

Wk ~
e = d- —
Ik, \/ 2heoV € d = (g|d|e)

The evolution of the atom and light operators can be calculated, and within the Markov

approximation (i.e. tracing over the degrees of freedom of the atom) one finds an effective
irreversible atomic decay, with decay rate given by

I'=2rm Z gx.c]” 0 (Wi — wWa) Fermi Golden Rule
k,e



An atom in free space

The sum can be replaced by an integral and worked out as T

2 14 3 2 :
I' = 27—‘-; |gk,e| 5(001( - wa) — 27—‘-26: (271')3 /d k |gk,€| 5(wk - wa) vy |g>

|72 m 2T Wi 2\ 0(k — k)
I = 2 i d- e
(%)2/0 dk k /O de sm0/0 dg T <Z| €| ) -

d2 3 ™ 21
I' = Ya df sin 6 / di sin? 6
0

Spontaneous emission rate for an excited state of a free-space atom, coupled to a lower one by electric
dipolar coupling



An atom inside a cavity

The presence of the cavity changes the vacuum around the atom T
b

Density of modes increased or decreased around the solid angle €2,
determined by the cavity mirrors

27 arcsin(2b/L) 112
Qccw:2/ dSO/ dfsinf® =47 |1 — 1 — — L
0 0

81h?
QCCL'U =~ L2

A
v

* Reduction of spontaneous emission for an atom not in resonance with the cavity (Purcell effect):

3 v 3 2
free¢cav Q0 : (27T)3 /S—Qc,w |gk, | (wk W )




An atom inside a cavity

v
Ffreegécav =1 —-27 Z (271')3 /Q d3k |gk,6|2 5(wk — Wa) bT

For small b/L, Z d - €|® ~ sin?(6;,,) is nearly constant, and then

€

Vo[ . Wi . 5(k — kq)
r =T - dk k2 dy df sin 6 20—
freed¢cav (27‘(’)2 /0 //Qcav 2 Sin ShegV Sin -

Excitation

3 L,
Ffreegécav =T [1 - ggcav sin” 6,

Geometrical reduction of the spontaneous emission rate of an atom: Purcell effect.



An atom inside a cavity

* Increase of spontaneous emission in the cavity mode in resonance:

If confocal cavity:

V
Ueqo = 2m Z (27T)3 /Q d3k |gk,6|3av 5(wk - wa)

The coupling to the cavity is modulated with respect to the free

space one: Excitation
2
|gk’€|iav . |ECCL'U|2 . 1 + (%)
2 2 2 2 . TV
|gk7€ |8I| 1 - (T) S11n <m>

In resonance and

3 1+ (E)Z for high finesse,
Fca’u — Qcafu Sil’l2 QmI‘ )

2 : Vv 3
8T 1+ (2£)"sin ( Afsn> Toap = 4—7'T7;Qcav sin 0, T




An atom inside a cavity

Out of resonance:

3 .
I'fes = Ff'reeéécav =T [1 - S_WQCGU sin” ezn]

In resonance, confocal:

37
A2

FTGS:F+FCGU:F[1+ .
Detection

Qeaw sin? Hin]
Excitation

A change in I also changes the population of atomic
excited state, and the rate of emitted photons:

~ ’d : ge:cc|2
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4000
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Heinzen, D. J., et al. PRL 58, 1320 (1987).



An atom inside a cavity

Out of resonance:

3
2
Ires = Ff’reegécav =T [1 - 8_7TQCCLU S1n ezn 1100 4 0.6l —
10751 § 0.4
@ 1050 - =
In resonance, confocal: 3 1025, 2 0.2
) ] w \
S ] 0.0 . .
3F ) = 10001 0 100 200
1_‘res =T + Fcav =TI [1 + 4—290(1@ SlIl2 (9m g 975 Piezo Voltage (V)
T £ 950 +
s 925]
ifati : 2 900
The lifetime of the excited state can also be probed o5
direcﬂy: 0.0 0.2 0.4 0.6 0.8 1.0
Standing wave phase (n/2)
1 Kreuter, A., et al. "Spontaneous emission lifetime of a single trapped Ca+ ion

= — in a high finesse cavity." PRL 92, 203002 (2004).



An atom inside a cavity

* Increase of spontaneous emission in the cavity mode in resonance:

If not confocal, supposing only resonant with fundamental
mode: One must define the spherical angle (2

— transverse Fourier transform of beam:

(z,y) — (ka, ky) = k(0 0y)

Excitation

wo b (kg 66 (=) ik
w(z)

500(55‘,% Z) =&

2.2 2 2 2
: : —wd k2 4k2)  (R24RE)E
Eo00(kx, ky, 2) :/ dz dy etF=otikyy Eoo(z,y,2) = Egmwi e i P
|R2
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1
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An atom inside a cavity

* Increase of spontaneous emission in the cavity mode in resonance:
b

Inserting itat I'cqy :

3 0 o V14 ()
FOO = S—QOO S an I o r 5
T : 1%
14 (7) sin (Aisn>
Excitation
2
3. V1+ (%)
FCCL’U g W S1n eznr 2]: 2 . —
0 1+ <?) sin (AFSR>
In resonance and _3F 0. T
for high finesse, T k2w S Vin
r 3F Purcell factor or
For a dipole perpendicular to the cavity axis, T = 2 —

r 7Tl<:2w§ Cooperativity parameter



Coherent coupling between atom and cavity

For highly cooperative systems, coupling between atom and cavity is coherent

* Rabi frequency of coupling between atom and
vacuum mode of cavity: We¢ = WC = W

B we g 2w J
9= 2hegVerys N mheowi L

2weo

2 _ 2 _ T = =

= ——————d° =47kl — T
g mheqwi L ; 4k

The cooperativity parameter measures the strength of the coupling with respect
to the dissipative mechanisms

Strong coupling regime: Y > 1




Jaynes-Cummings Hamiltonian

Coupling of 1 atom and cavity mode (in rotating-wave
approximation) : Jaynes-Cummings Hamiltonian

Hjc = hweala + hw =+ hg (a4 + ale

-)

Eigenstates: coupled atom x light states within the

manifolds of constant excitation {|€, n — 1) ; |97 n>}
2,+ Esln) = hwo (
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Jaynes-Cummings Hamiltonian

(a) ()
Vacuum Rabi oscillations: o B
If ACLC’ - 07 |¢(t — 0)> - |630> ) st ol
(1)) = cos(gt) |e, 0) — isin(gt) [g, 1) ol o fy ®
mg- % ! @o
o i o
s o) £l ol Yeer
Generalized Rabi oscillations: g 2l ég— o
aef e *
For a distribution of number of photons ® = \
within the cavity, 3t i =] S
(3)
bl =0) = X eale ™ ™S
w() = cos(vgt) e, n) — isin(/gt) g, + 1)] T a e O 6k WG

n Time (us) Frequency (kHz) n

Brune, Michel, et al. "Quantum Rabi oscillation: a direct test
of field quantization in a cavity." PRL 76, 1800 (1996).



Vacuum Rabi splitting

Vacuum Rabi splitting of cavity resonance 0354 —
individual atoms
— average of atoms
0.30 — —— steady state theory, s
30 wells, kT =04|U, || [~
- |1> 1,4+ 0.25 .
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. 020 =
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o - 1
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Boca, A., et al. "Observation of the vacuum Rabi spectrum
for one trapped atom." PRL 93, 233603 (2004).



Nonlinear Rabi splitting

Vacuum Rabi splitting of cavity resonance 30 F |'1 } - ;iI ! T T‘- T"! :
2, —|—; £ 20} , .' r ..
1) 2~ FINCEOE
T _g. 15 ;';ii i.‘ l : I} n‘ i
LW = i ) § i L1718
e L) por 6 BE b
_+— |O> ]'7 o E _,ii i.." L . {! ;i 11,+) 4 10
oy ,-{;i .E'QQ N ;‘r: d
- LT - 1°
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Schuster, Ingrid, et al. "Nonlinear spectroscopy of photons
bound to one atom." Nature Physics 4, 382-385 (2008).
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