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Summary
1 -  Classical Monte Carlo 

2 -  Quantum Monte Carlo Method 

3 -  Measurements in QMC - I 

4 -  Measurements in QMC - II 

5 -  The Sign problem
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My main goal with this set of classes is to 
be understood 
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Summary of the first class
Why do we need numerical methods? 

The Ising Model 

Monte Carlo Method 

Metropolis Algorithm 

Monte Carlo time 

Boundary conditions, size effects

Importance sampling 
Markovian processes 
Ergodicity 
Detailed balance
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Suggested bibliography
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Why do we need numerical 

methods?
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Write

Solve a quantum mechanics problem

Find eigenvalues and 
eigenvectors

H |ψ⟩ = E |ψ⟩

Diagonalize H H
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Write

Solve a quantum mechanics problem

DONE

Find eigenvalues and 
eigenvectors

H |ψ⟩ = E |ψ⟩

Diagonalize H H
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Write

NOT SO EASY…

Find eigenvalues and 
eigenvectorsDiagonalize H H

H MatrixNM × NM

NM?

Independent electron 
approximation

Strongly interacting 
systems
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Depends on the size of the system

Number of states NM

Heisenberg model 

Depends on the model

NM = 2N

t-J model NM = 3N

Hubbard model NM = 4N

| ↑ ⟩ | ↓ ⟩
| ↑ ⟩ | ↓ ⟩ |0⟩

| ↑ ⟩| ↓ ⟩|0⟩ | ↑ ↓ ⟩

N sites

grows fast withNM N
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Relation between T (computational time) and N (degrees of freedom)

COMPLEXITY

Better:  linearT ∝ 𝒪(N)

T ∝ 𝒪(N3)

T ∝ 𝒪(eN)

Matrix diagonalization and matrix 
inversion: quantum mechanics

"Naive methods" such as direct 
integration: scattering 
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Moore’s Law

By Max Roser, Hannah 
Ritchie 

ourworldindata.org/
uploads/2020/11/
Transistor-Count-over-
time.png, CC BY 4.0



4

50 years of Microprocessor trend data
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But brute force diagonalization can only be applied to small system sizes
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But brute force diagonalization can only be applied to small system sizes

We need other methods…
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But brute force diagonalization can only be applied to small system sizes

Before discussing methods, let us discuss a model

We need other methods…



4The Ising Model
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Collection of magnetic 
moments LOCALIZED in a lattice

The Ising model - 1920

Magnetic moments = spin 1/2 Can only point up or down

E = − J ∑
<ij>

SiSj Si = ± 1
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Exchange coupling

Nearest neighbors

J

< ij >

J > 0
J < 0

Ferromagnetism

Antiferromagnetism

E = − J ∑
<ij>

SiSj
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Exchange coupling

Nearest neighbors

E = − J ∑
<ij>

SiSj

J

< ij >

J > 0
J < 0

Ferromagnetism

Antiferromagnetism

Role of Temperature

Low T - spins aligned
High T - disorder
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Magnetism
Ferromagnetism

Antiferromagnetism

Paramagnetism
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Microstate Spin configuration

N sites Number of microstatesNM = 2N

Eα Energy of the microstate α
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An example: N=4 with periodic boundary  conditions
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α microstate Eα

1 

2 

3 

4 

5 

6 

7 

8 

α microstate Eα

9 

10 

11 

12 

13 

14 

15 

16

↑ ↑ ↑ ↑

↑ ↓ ↑ ↑
↓ ↑ ↑ ↑
↑ ↑ ↓ ↓
↑ ↓ ↑ ↓
↑ ↓ ↓ ↑

↑ ↑ ↓ ↑
↑ ↑ ↑ ↓

↓ ↓ ↑ ↑

↓ ↑ ↑ ↓
↑ ↓ ↓ ↓
↓ ↑ ↓ ↓
↓ ↓ ↑ ↓
↓ ↓ ↓ ↑
↓ ↓ ↓ ↓

↓ ↑ ↓ ↑

E16 = − 4J

E2 = 0
E1 = − 4J

E3 = 0
E4 = 0

E15 = 0
E14 = 0

E12 = 0
E13 = 0E5 = 0

E6 = 0

E8 = 0

E9 = 0

E11 = 0

E7 = 4J

E10 = 4J
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For a system in thermal equilibrium 
Thermal bath at temperature T Pα ∝ e−Eα/kBT

Probability of finding the system in the microstate Pα α
NM

∑
α=1

Pα = 1

From a microscopic point o view: gaining or losing energy             flipping a spin
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For a system in thermal equilibrium 

Partition function

Magnetization of a microstateMα = ∑
i

Si α

Z =
NM

∑
α=1

e−Eα/kBT Pα = 1
Z

e−Eα/kBT

⟨M⟩ =
NM

∑
α=1

MαPα

Measured magnetization Measured Energy

⟨E⟩ =
NM

∑
α=1

EαPα
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For any given observable 

Number of micro states

⟨Q⟩ =
NM

∑
α=1

PαQα = 1
Z

NM

∑
α=1

e−Eα/kBTQα
Pα = 1

Z
e−Eα/kBT

 Ising chain with N=4 sites

Q

NM NM = 2N

N Number of sites

NM = 16
 3D Ising 10 x 10 x10 NM = 21000 ≈ 10300 Too big!



4Monte Carlo Method
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As NM can be too big

Choose a subset of  M microstates randomly

{α1, α2, α3, . . . αM}

With a given probability distribution  pα
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Estimator

⟨QM⟩ =
∑M

i=1 Qαip−1
α,i e−βEαi

∑M
i=1 p−1

α,i e−βEαi

β = 1
kBT

Best estimate for 

QM

QM

M
Q
NM

Q
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How do we choose the M microstates that enter in the sum?

How do we choose        ?pα

or



4

Easier choice:  all the states with equal probability

 3D Ising 10 x 10 x10 

108A couple of hours

NM = 21000 ≈ 10300

10−292

Too small

Low T: few microstates contribute

The probability of one of them be chosen is

10−292NM
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Essence of the Monte Carlo Method

How do we choose the most important states 
among the large number of accessible states? 

Importance sampling
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Importance sampling

What happens when a measurement is made  in a real system?

The system does not visit all microstates…

Narrow energy band

Boltzmann factor
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Importance sampling

Probability of choosing a state 

pα = 1
Z

e−βEα

⟨QM⟩ = 1
M

M

∑
i=1

Qαi

α

The Boltzmann weights cancel
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A practical problem:

How do we choose the states so that we have

pα = 1
Z

e−βEα

Markovian processes
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Markovian processes

μ νGiven a state Generates a state

MARKOV CHAIN

μ → ν → λ → . . .
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(1)                             does not change with timeP(μ → ν)
(2)                             depends only on       and       , not 
on other states that might have been visited 

P(μ → ν) μ ν

RULES

∑
ν

P(μ → ν) = 1

P(μ → μ) ≠ 0

(3)   

(4)   
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Markovian processes

The markovian process is such that, when it runs for a 
sufficiently long time, starting from any initial state, the 
visited states are chosen according the Boltzmann weight 

Reaches equilibrium 
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Markovian processes

The markovian process is such that, when it runs for a 
sufficiently long time, starting from any initial state, the 
visited states are chosen according the Boltzmann weight 

Reaches equilibrium 

Two conditions
Ergodicity

Detailed balance



4p(ν) ≠ 0

Ergodicity

∀ ν
Starting from any state it must be possible to arrive at any 
other state if we wait  long enough

p(ν) Probability of finding the system in state ν
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Detailed balance

p(μ)P(μ → ν) = p(ν)P(ν → μ)

∑
ν

P(μ → ν) = 1Recall that

p(μ) = ∑
ν

p(ν)P(ν → μ)

After equilibrium is reached the states are chosen according 
to the Boltzmann distribution
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So far

Detailed balance

Ergodicity

Markovian processes

Importance sampling
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Illustration by Heinz Schulz-Neudamm 
en.wikipedia.org/w/index.php?curid=63350586

Metropolis Algorithm
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Detailed balance

P(μ → ν)
P(ν → μ) = p(ν)

p(μ) = eβ(Eν−Eμ)

P(μ → ν) = min[1, p(ν)
p(μ) ]

One possibility (Not the only one!)

Where



4

Metropolis algorithm

P(μ → ν) = min[1,e−βΔE]
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Metropolis algorithm for the Ising model

ΔE = Eafter flip − Ebefore flip

• Choose an initial configuration of the spins  

• Choose one spin and propose a flip 

• Calculate
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Metropolis algorithm for the Ising model

ΔE = Eafter flip − Ebefore flip

• Choose an initial configuration of the spins  

• Choose one spin and propose a flip 

• Calculate

Randomly?

Randomly?
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Metropolis algorithm for the Ising model

ΔE = Eafter flip − Ebefore flip

• Choose an initial configuration of the spins  

• Choose one spin and propose a flip 

• Calculate

• If ΔE < 0 Accept the change
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• If 

• If 

ΔE < 0 Accept the change

ΔE > 0 Accept with probability e−βΔE

Pick a random number r  = [0,1]

r ≤ e−βΔEIf Accept the change

If r > e−βΔE Does not accept
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ΔE > 0Why do we accept changes when                   ?
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ΔE > 0Why do we accept changes when                   ?

If not the system would always flow to the ground state
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Curiosity

T → ∞ P(μ → ν) → 1

Metropolis algorithm for the Ising model at high 
temperature, starting with all the spins aligned
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Curiosity

T → ∞

All flips accepted!

P(μ → ν) → 1
++++

++++

++++

++++

++++

++++

++++

++++

————

————

————

————

————

————

————

————

Metropolis algorithm for the Ising model at high 
temperature, starting with all the spins aligned
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Curiosity

Metropolis algorithm for the Ising model at high 
temperature, starting with all the spins aligned

T → ∞

All flips accepted!

P(μ → ν) → 1
++++

++++

++++

++++

++++

++++

++++

++++

————

————

————

————

————

————

————

————

Wrong!
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Heat bath algorithm

P(μ → ν) = e−βEν

e−βEν + e−βEμ
= 1

1 + e−βΔE
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Heat bath algorithm

P(μ → ν) = 1
1 + eβΔE

Metropolis algorithm

P(μ → ν) = min[1,e−βΔE]

β = 1
P(μ → ν)

ΔE

0.5

0



4Monte Carlo time
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Monte Carlo time

• Not real time 

• One sweep through the lattice                    one unit of time 

• Not completely disconnected from real time
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Magnetization as a function of Monte Carlo time

T=1.5  M ~1            small fluctuations

T=2.0  M ~0.9            fluctuations  
increase

Computational Physics, Giordano and Nakanishi

10 x 10 lattice,   J=1
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Magnetization as a function of Monte Carlo time

Computational Physics, Giordano and Nakanishi

T=2.25                 very large fluctuations

T=4.0  M ~0            small fluctuations
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Magnetization as a function of Monte Carlo time

Computational Physics, Giordano and Nakanishi

T=2.25                 very large fluctuations

T=4.0  M ~0            small fluctuations
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Magnetization as a function of Monte Carlo time

Computational Physics, Giordano and Nakanishi

Critical slowing down

Large fluctuations signal that we 
are in the vicinity of a 2nd order 
phase transition

Fluctuation-dissipation theorem
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TC = 2
ln(1 + 2)

≃ 2.27

Onsager’s exact solution

Computational Physics, Giordano and Nakanishi

Opened and closed circles: different realizations
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Specific heat
(ΔE)2 = ⟨E2⟩ − ⟨E⟩2

Fluctuation-dissipation theorem

C = (ΔE)2

kBT2
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Specific heat
(ΔE)2 = ⟨E2⟩ − ⟨E⟩2

Fluctuation-dissipation theorem

C = (ΔE)2

kBT2

No divergence for a finite system
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Specific heat
(ΔE)2 = ⟨E2⟩ − ⟨E⟩2

Fluctuation-dissipation theorem

C = (ΔE)2

kBT2

No divergence for a finite system

Finite size effects
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Boundary conditions

• Free 

• Fixed 

• Closed: periodic, antiperiodic, twisted



4

First-order phase transitions

E = − J ∑
<ij>

SiSj − H∑
i

Si

T

Ising model with a magnetic field

H

TC
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First-order phase transitions

E = − J ∑
<ij>

SiSj − H∑
i

Si

T

Ising model with a magnetic field

H

TC

Tricritical point
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Histeresis loop
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Histeresis loop

Configurations before and 
after the transition are very 
different

Monte Carlo flips one spin at 
a time

The state of the system 
depends on the history of the 
system
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Monte Carlo Method

Detailed balance

Ergodicity

Markovian processes

Importance sampling
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Monte Carlo Method

Measurements

Finite size scaling



4End of first class


