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Measurements in QMC

Green’s function 
Wick’s theorems 
Charge correlation function 
Spin correlation functions

Comparing with 
experiments 

Quantum gas microscope
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Heat-bath



4Equal time correlations
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Operators A and B

For a given configuration s of the Hubbard-Stratonovich field

The correlation function becomes
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The average value of an operator os obtained by sampling the 

corresponding Green’s function over the HS  configuration 
weighted by ρ({s})



4Green’s function



4Equal time single-particle Green’s function
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Single-particle Green’s function

Let us define

Then

Omitting spin 
indices
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Diagonal representation

Taking the trace on the diagonal representation

α = α′ 

Nonzero contribution only 
when
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Single-particle Green’s function

On a given time-slice ℓ

The average of              over all HS fields should be independent of ℓg(ℓ)

Central quantity in 
DQMC calculations
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Two particle Green’s function

?



4Wick’s Theorem
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Operator identity

Procedure to calculate matrix elements

Creation and destruction operators paired

Direct application of all commutation and 
anticommutation relations is lengthy 

Destruction operators moved to the right

Wick’s Theorem

Contractions and normal ordering
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Four two-operator contractions

Definition: Annihilator on the left Anticommutation relations

Particle number is conserved Oposite spins: Sz is conserved (in the absence of B fields
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The rule: sum over all pairings

A

0 crossings → sign +
+ ⟨AB⟩⟨CD⟩

1 crossings → sign - 0 crossings → sign +

B C D A            B          C             D  A          B            C             D
− ⟨AC⟩⟨BD⟩ + ⟨AD⟩⟨BC⟩

• Within each pair, keep the original order of the operators (A before B, etc.). 
• Sign = (−1)^(number of crossings), i.e. the parity of the permutation.
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Two particle Green’s function

Use Wick’s theorem to write in terms of 
single-particle Green’s function

All average values of interest can be written in 
terms of single-particle Green’s functions



4Unequal time single-particle Green’s function
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Operator a in the Heisenberg picture

τ = ℓΔτ

Initial time: Δτ



4Using the D matrices again 

Diagonal representation

Omitting spin 
indices

ℓ1 > ℓ2Unequal time single-particle Green’s function



4Then

1 − nα = 1,0
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ℓ1 > ℓ2
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Green’s functions



4
Charge correlation 

functions
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Density

With

⟨⟨ . . . ⟩⟩ Average over Na  HS fields
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Mott transition

Ef

E

Δch

E U ≠ 0

U = 0

One 
fermion 
per site

Compressibility

Metal

Insulator
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Mott gap

PRL 2010, Paiva et al

Δch

E

Δch
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Mott gap

PRL 2010, Paiva et al

Δch

E

Δch

Large error bars: sign problem
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Size effects

PRB 2012, Mondaini et al
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Size effects

PRB 2012, Mondaini et al
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Compressibility

PRL 2015, Duarte et al
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Compressibility

PRL 2015, Duarte et al

Direct comparison with 
optical lattices experiments
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Compressibility

PRL 2015, Duarte et al

Direct comparison with 
optical lattices experiments

Thermometry from direct 
comparison with numerical 

data
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Compressibility

PRB 2013, Medeiros-Silva et al

Kagome lattice

κ ∝ e(−Δc/kBT)

Δc Charge gap
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Compressibility

PRB 2013, Medeiros-Silva et al

Kagome lattice

κ ∝ e(−Δc/kBT)

Δc Charge gap

Uc/t = 6.5 ± 0.1
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Charge gap

PRL 2010, Paiva et al

Δch

E

Δch

PRB 2013, Medeiros-Silva et al

All densities Half-filling only
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Double occupation

Wick’s theorem

⟨D⟩ = 1
MNs ∑

i,ℓ
⟨⟨1 − g↑

ii(ℓ)⟩⟩⟨⟨1 − g↓
ii(ℓ)⟩⟩
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Double occupation

PRL 2010, Paiva et al

Maxwell relation

∂S
∂U

= − ∂D
∂T

Adiabatical cooling
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PRB 2023, 
Medeiros-Silva et al

Adiabatical cooling

Important for cold 
atom experiments
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PRB 2023, 
Medeiros-Silva et al

Adiabatical cooling

Important for cold 
atom experiments
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Charge correlations

Charge Structure factor
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Charge correlations

Charge Structure factor

Charge susceptibility

Unequal time correlations



4Spin correlation functions
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Magnetic correlations
Components of the magnetization operator
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Magnetic correlations
Components of the magnetization operator

Sz
i = ni,↑ − ni,↓

Wick’s theorem

⟨Sz
i Sz

j ⟩
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Magnetic correlations
Components of the magnetization operator

Sz
i = ni,↑ − ni,↓

⟨Sx
i Sx

j ⟩

Wick’s theorem

⟨Sz
i Sz

j ⟩
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Magnetic correlations
Components of the magnetization operator

Sz
i = ni,↑ − ni,↓

⟨Sx
i Sx

j ⟩

Wick’s theorem

⟨Sz
i Sz

j ⟩

Local moment

⟨(mz
i )2⟩ = ⟨Sz

i Sz
i ⟩

Magnetic structure factor
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Unequal time Magnetic correlations
Susceptibility

⟨Sz
i (ℓ1)Sz

j (ℓ2)⟩
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components of the order parameter  ➜  n 

d > n 

d < n 

d = n 

TC ≠ 0

TC = 0

TKT ≠ 0

half-filling, spin balancedSU(2)  =0  and  h = 0𝜇

 ≠ 0  ➜ n ≠ 1𝜇-U
h ≠ 0 ➜ P ≠ 1 +U anisotropic AF

Superfluid{

Mermin-Wagner Theorem

2d systems

d ≤ 2
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Antiferromagnetism

3D 

2D 

TNeel ≠ 0

TNeel = 0
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Early results Square lattice
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Nesting of the Fermi surface Hartree-Fock phase diagram

PRB 1985, Hirsch
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Local moment for the square lattice

PRB 1985, Hirsch

System sizes, temperature, U

PRB 2001, Paiva et al
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Lower T, larger system sizes, larger Us

Better computers
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Lower T, larger system sizes, larger Us

Better computers

Reducing low T instabilities
Green's function iterated ℓ ∼ 10

β > 4 Green's function iterated at every slice 

Ill conditioned matrices

Matrix decomposition stabilization



4

Matrix decomposition stabilization

Well conditioned orthogonal matrix

Diagonal matrix

Graham-Schmidt ortogonalization

Well conditioned right triangular matrix
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Lower T, larger system sizes, larger Us

Better computers

Reducing low T instabilities

Reaching larger Us at low T Global moves
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Magnetic structure factor

PRB 1985, Hirsch
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n=1

PRB 1985, Hirsch

n=0.9
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PRB 1985, Hirsch

Hartree-Fock phase diagram Conjectured QMC phase diagram



4Honeycomb lattice
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Looking for long-range-order

PRB 2005, Paiva et al

U/t=7
M ≠ 0 LRO

S A
F
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Density Honeycomb lattice

Used to determine Mott transition

U, size, temperature

PRB 2005, Paiva et al

Uc/t ≃ 3.8
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Density Honeycomb lattice

PRB 2005, Paiva et al



4

Numerical data to determine a Quantum Phase Transition

Hubbard model on a Honeycomb lattice

UC
Paramagnetic, (semi)metal Antiferromagnetic, Mott insulator



4Size effects
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4

Spin liquid phase
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Scientific Reports 2, 992 (2012)

Up to 2592 sites



4Comparing with experiments 



4Bragg scattering

Nature 2015

40K
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Constructive interference

Destructive interference

Magnetic structure factor
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Comparing theory and experiment

Thermometry with support from 
theory

U0/t0=11.1 Sweet spot for AF

T/TNeel = 1.42 ± 0.16
T = 32 ± 4K
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Nature 2024

T/t=0.229(2) 

S/N=0.216(2) kB

Bragg scattering
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Nature 2024

U/t=11.75 

T/t=0.229(2)

Bragg scattering
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Not as easy as it seems…

BULK MEASUREMENTS
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Fermions in optical lattices

Trap Periodic 
potential

Optic or 
magnetic

Parabolic 
compensated

Counter 
propagating lasers

Holographic mask

a= λ/2



4

Not as easy as it seems…

lattice with harmonic confinement compensated optical lattice

Inhomogeneity in the Hubbard parameters,  tunneling and onsite interactions

→ enhanced entropy redistribution to the edges of the trap

Global chemical potential comes closer to the threshold for evaporation

 → possible evaporative cooling from the lattice
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Challenge: trap is rather complex

Density and U change 
throughout the cloud 
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Advancement in the field

Atomic resolution



4Quantum gas microscope
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Nature 2009

Bosons

2009



4
Fermions

2015

Quantum gas microscope
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Zwierlen group, MIT 
PRL 114, 193001 (2015)

Kuhr group, Strathclyde 
Nat. Phys. 11, 738 (2015)

Thywissen group, Toronto, 
PRA 92, 063406 (2015) 

Greiner group, Harvard 
PRL 114, 213002 (2015)

Gross/Bloch group, MPQ 
PRL 115, 263001 (2015)

Bakr group, Princeton 
PRL 114, 1193001 (2015)

40K

6Li



4Mott insulator
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Site-resolved imaging of a 
fermionic Mott insulator

Observation of 2D fermionic 
Mott insulators of 40K with 

single-site resolution

Greif et al, Science (2016) 
Greiner Group, Harvard

Cheuk et al, PRL (2016) 
Zwierlein Group MIT

6Li 40K
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Site-resolved imaging of a 
fermionic Mott insulator

Observation of 2D fermionic 
Mott insulators of 40K with 

single-site resolution

Greif et al, Science (2016) 
Greiner Group, Harvard

Cheuk et al, PRL (2016) 
Zwierlein Group MIT

6Li 40K

Not empty!
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Fluorescence imaging

Local moment

Singly occupied sites

Atom pairs from the same site are 
lost due to collisions during light 
assisted imaging
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Atomic resolution for fermions

Mott insulator

Real space antiferromagnetism

✔

✔
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Quantum simulation
Science 353,1253 (2016)

Science 353,1260 (2016)

Science 353,1257 (2016)



4

6Li
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Nearest-neighbor and 
next-nearest neighbor 
spin-spin correlation 
functions

U/t=8.0(1)

6Li
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6Li
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U/t=12.6

S/N =0.51(5)

S/N =0.61(1)

6Li

At half-filling
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SPIN

CHARGE

40K
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CHARGE

⟨(mz
i )2⟩ = ⟨Sz

i Sz
i ⟩ = ⟨(ni,↑ − ni,↓)2⟩ cccc

cccccccc

Use Wick’s theorem to write in terms of 
single-particle Green’s function
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CHARGE

⟨(mz
i )2⟩ = ⟨Sz

i Sz
i ⟩ = ⟨(ni,↑ − ni,↓)2⟩ cccc

cccccccc

Use Wick’s theorem to write in terms of 
single-particle Green’s function

Many pages of calculations….
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U/t=7.2(1)

SpinCharge

No assumption 
about trap shape
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U/t=7.2(1)

SpinCharge

n=1

n <1
n >1

No assumption 
about trap shape
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No assumption 

about trap shape Local moment
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Spin

n=1

Green area  
0.89 < T/t < 1.22

Cs(1)<0 even when U=0 due to Pauli  blocking

Correlations increase the effect

Spin correlations increase close to half-filling 

Dotted line U=0

U/t=7.2(1)
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Charge

Green area  
0.89 < T/t < 1.22

Dotted line U=0

U/t=7.2(1)

Maxima n=1

Minima



4

Charge

Green area  
0.89 < T/t < 1.22

Dotted line U=0

U/t=7.2(1)

Maxima n=1

Minima

Anti-bunching Bunching

Repulsive Attractive
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Hole-hole Hole-doublon Doublon-doublon
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Hole-hole Hole-doublon Doublon-doublon

Big error bars: statistics?
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Hole-hole Hole-doublon Doublon-doublon

Big error bars: statistics?  cccccccc
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Hole-hole Hole-doublon Doublon-doublon

Convergence of NLCE 
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6Li

U/t=8.0(5)

P= N   -N
|↑> |↓>

N   +N|↑> |↓>
Spin impalance
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Spin components

 Along z  CZ

Perpendicular to z C⊥
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 Along z  CZ

Perpendicular to z C⊥

A= 1- Cz(1,0)/ C⊥(1,0)

A= 1- Cz(1,1)/ C⊥(1,1)

spin-spin 
correlation 
functions

Anisotropy

0.38 ≤ T/t ≤ 0.53

8.4 nK ≤ T= ≤ 12.7 nK
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Canted antiferromagnetism
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Spin-imbalance in a 2D Fermi-
Hubbard system 

P. Brown et. al, Science (2017)

Quantum gas microscopy of an 
attractive Fermi-Hubbard system 

Mitra et al., Nat. Physics (2018)

Attractive Hubbard model with 
doping n

Repulsive  Hubbard model with 
field h
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Spin-imbalance in a 2D Fermi-
Hubbard system 

P. Brown et. al, Science (2017)

Quantum gas microscopy of an 
attractive Fermi-Hubbard system 

Mitra et al., Nat. Physics (2018)

Attractive Hubbard model with 
doping n

Repulsive  Hubbard model with 
field h

Experimental T 

TC=0 at n=1 
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Spin-imbalance in a 2D Fermi-
Hubbard system 

P. Brown et. al, Science (2017)

Quantum gas microscopy of an 
attractive Fermi-Hubbard system 

Mitra et al., Nat. Physics (2018)

Attractive Hubbard model with 
doping n

Repulsive  Hubbard model with 
field h

Same physics
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SU(2)n = 1 

𝜇
 h ➜  𝜇

h

t t

+U -U
+U   ➜   -U

 =0    h = 0𝜇

 ≠ 0  ➜ n ≠ 1𝜇 or h ≠ 0 ➜ P ≠ 1 

Spin-down particle-hole transformation



4

M. Gall et all PRL (2020)

Recently probed in experiments
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components of the order parameter  ➜  n 

d > n 

d < n 

d = n 

TC ≠ 0

TC = 0

TKT ≠ 0

half-filling, spin balancedSU(2)  =0  and  h = 0𝜇

 ≠ 0  ➜ n ≠ 1𝜇-U
h ≠ 0 ➜ P ≠ 1 +U anisotropic AF

Superfluid{

Mermin-Wagner Theorem

2d systems

d ≤ 2
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unchanged particle-hole transformation

Sz  ➜   charge

S+-  ➜   SUC

Spin-down particle-hole transformation

charge and spin 
degrees of freedom 

are exchanged



4End of third class


