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Measurements in QMC II

Summary

QMC implementations
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Measurements in QMC

Metal, Insulator, Superconductor 
Superconducting correlations 
Thermodynamic properties
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Metal, insulator, 
superconductor

The criteria
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Superfluid density (DS) and Drude weight (D)
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Two limits of one correlation 
function decide the ground state.

No need to guess the pairing 
symmetry or the right pair-field 
operator.

D → Drude weight → from the optical conductivity, 
Dₛ →Superfluid density → from the London penetration depth λ.

GROUND STATE D Dₛ

Insulator 0 0

Metal finite 0

Superconductor finite finite

Probe the response, not an order parameter
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K = − t ∑
⟨i,j⟩,σ

(c†
iσcj,σ + h . c.)

Kinetic energy

Current response in  the presence of a vector potential 

K = − t ∑
⟨i,j⟩,σ

(c†
iσcj,σeiAx + h . c.)

Ax(l, t) = Ax(q)eiq⋅l−iωt

Peirls phase-factors
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Expand in second order in A

applied to one x-bond:

Where  and 
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Linear response
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Current-current correlation functions

where

Current density

Current-current correlation function
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Different order of limits

Longitudinal static limit (q ∥ A): a pure gauge, so there is no current in any phase.

⟨−kx⟩ = ΛL

Gauge invariance: must hold, 
nontrivial test of the numerics
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Meissner effect: ω = 0 first, then q → 0
London: a static, transverse (q·A = 0) 
field is screened. Take A ∥ x and q ∥ y.

Ds

πe2
= ΛL − ΛTSuperfluid 

density
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Zero resistance: a δ-function in σ(ω)
Take q = 0 first and an electric field Eₓ(ω) = i ω Aₓ(ω):

Drude 
weight 

D
πe2

= lim
T→0

[ΛL − Λ(q = 0,iωm)]
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Zero resistance: a δ-function in σ(ω)
Take q = 0 first and an electric field Eₓ(ω) = i ω Aₓ(ω):

Drude 
weight 

Less used: compressibility, density 
of states, conductivity
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PRB 2012 Mondaini et al 

Drude weight 
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PRB 2012 Mondaini et al 

Drude weight 
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Same functions, different order of limits

Gauge check Superfluid weight Dₛ Drude weight D
ωₘ = 0 first, then qₓ → 0 (longitudinal) ωₘ = 0 first, then q_y → 0 (transverse) q = 0 first, then ωₘ → 0

⟨−kx⟩ = ΛL Ds

πe2
= ΛL − ΛT

D
πe2

= lim
T→0

[ΛL − Λ(q = 0,iωm)]
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The Criteria
Insulator 

Resistance and no Meissner effect

D = 0, DS = 0

Metal

Zero resistance but no Meissner effect

D > 0, DS = 0

Superconductor

Zero resistance and  Meissner effect

D > 0, DS > 0
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PRL 1992 Scalapino, White and Zhang

Insulator 

Resistance and no Meissner effect

D = 0, DS = 0
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Metal

Zero resistance but no Meissner effect

D > 0, DS = 0

PRL 1992 Scalapino, White and Zhang
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Superconductor

Zero resistance and  Meissner effect

D > 0, DS > 0



4Conductivity and Density of states
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Current-current correlation functions

Linear response theory

Similarly for the Green’s function 

Laplace inversion to 
get the conductivity

Laplace inversion to get 
the density of states
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Is there a way not to do the Laplace 
inversion?

σdc ≈
β2

π
Λxx(q = 0, τ = β/2)

Conductivity Density of states

N(ω = 0,T) =
dn
dμ

= n2κ(T)
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T/t=0.5Conductivity Density of States
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Single particle excitation gap

Imaginary-time-dependent Green’s function

Single particle excitation gap

Fermi vector
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Single particle excitation gap

Imaginary-time-dependent Green’s function

Single particle excitation gap

Fermi vector
Minimum energy necessary to extract one 
Fermion from the system: related to gap 
measured in photoemission experiments
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Mondaini et al PRB 2012

Exponential behavior for large τ
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Mondaini et al PRB 2012

Metal

Insulator

Metal-Inslulator transition 
through single particle 
excitation gap 
measurements



4Superconducting  correlations
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Superconducting correlations
Imaginary time singlet pair-field operator Inspired in BCS gap function

Form factor:

Symmetry of  the 
pairing state
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Equal time pairing correlation functions

Uniform (q=0) Fourier transform
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Unequal time uniform pairing susceptibility

χα
eff = χα − χα

0

Subtracting the uncorrelated part
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C. A. R. Sá de Melo, M Randeria 
and J. R. Engelbrecht,  Phys. Rev. 
Lett.  (93)

Continuum

Fermi liquid

Superfluid

t2/|U|

Lattice

Micnas et al, Rev Mod Phys 62, 113(90)

BCS BEC
M Randeria and E. Taylor,  Annu. 
Rev. Condens. Matter Phys (2014)

Attractive interactions in Fermionic systems
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Fermi liquid

C. A. R. Sá de Melo, M Randeria 
and J. R. Engelbrecht,  Phys. Rev. 
Lett.  (93)

Continuum

Superfluid

t2/|U|Lattice

M Randeria and E. Taylor,  Annu. 
Rev. Condens. Matter Phys (2014)

Attractive interactions in Fermionic systems
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Relation between repulsive and attractive models

high-energy eigenstates, which are localized in the outer regions of the trap, can be identi-

fied (68–72). A very convenient measure in a harmonic trap with a geometric mean

trapping frequency !o is the characteristic atom number N0 ¼ ðW=m!o2d2Þ3=2 (70, 71). It

relates the bandwidth to the trapping potential and defines the number of trapped atoms

per spin state, which corresponds to half-filling in the trap center at zero temperature. The

related characteristic filling r ¼ N/N0 can be controlled in the experiment by changing the

total atom number N, the trapping frequencies, or the bandwidth.

Many-Body Physics with Attractive and Repulsive Interactions

The many-body physics of the Fermi-Hubbard model is governed by the interplay between

interaction, delocalization, and spin ordering, and it covers a wide range of phenomena. In

the following, I concentrate on those aspects that are most relevant to the current and near

future experimental situations. In optical lattice experiments, it is possible to make all

relevant energy scales small compared with the energy gap between the lowest and the

next higher Bloch band. The physics is then determined by the energy scales of the band-

width W and the interaction energy U. The next lower energy scale is the superexchange

energy t2/U, which describes virtual tunneling processes. The minimum experimentally

achievable temperatures in optical lattices are, at this time, still too high to access this

physics of the spin-sector. Due to the trapping potential, there is a further low-energy scale,

which is the energy separation between adjacent lattice sites.

The attractive-U Hubbard model, where the on-site interaction energy between parti-

cles of different spin is negative, has been extensively studied in the context of supercon-

ductivity (73). For the homogenous case, i.e., without trapping potential, the general

situation is the following: At low temperatures, s-wave superfluidity with a BEC-BCS

crossover is expected (74) (see Figure 3). The BCS regime is characterized by weak attrac-

tive interactions between the particles (U<<t) and the critical temperature increases with

jUj/t. In the BEC regime, the strong interactions lead to bound pairs that can undergo BEC,

with the critical temperature decreasing as t2/jUj. The pairs can be regarded as hard-

core bosons, and the tunneling of the pairs is dominated by second-order tunneling t2/U.

AFM

U

Mott
insulating

BCSBEC
SF

RepulsiveAttractive

Preformed
pairs

Temperature

NormalNormalNormal

Figure 3

Schematic phase diagram for the attractive and repulsive Hubbard model at half-filling for a simple
cubic lattice in three dimensions (see, for example, Reference 73). Abbreviations: BEC, Bose-Einstein
condensation; BCS, Bardeen-Cooper-Schrieffer; SF, superfluid; AFM, anti-ferromagnetic phase.
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SU(2)n = 1 

𝜇

 h ➜  𝜇

h

t t

+U -U
+U   ➜   -U

 =0    h = 0𝜇

 ≠ 0  ➜ n ≠ 1𝜇 or h ≠ 0 ➜ P ≠ 1 

Spin-down particle-hole transformation



4PRB 105, 184502 (2022)

PRA 110, 053315 (2024)

Fontenele’s thesis
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<latexit sha1_base64="BITzlzGP27Xy1XHyp4S359hFZEo="></latexit>

If lim
|i�j|!1

C�
ij ⇠ const ) order

U/t =- 5 
n= 0.5 

18 x18 lattice

Pairing correlation functions

β =
1

kBT
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<latexit sha1_base64="BITzlzGP27Xy1XHyp4S359hFZEo="></latexit>

If lim
|i�j|!1

C�
ij ⇠ const ) order

U/t =- 5 
n= 0.5 

18 x18 lattice

Attractive Hubbard Model

Pairing correlation functions

β =
1

kBT

Free from fermionic sign 
problem
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Critical temperature Finite-size scaling for a Kosterlitz-Thouless transition

η = 1/4
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How do we find Tc

helicity modulus just below Tc
Jump in superfluid 

helicity modulus

T

2T/π

TC

{



4

How do we find Tc

helicity modulus just below Tc
Jump in superfluid 

helicity modulus

{
we start with the x-

component of the current 
density operator

where
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How do we find Tc Finite-size scaling for a Kosterlitz-Thouless transition

helicity modulus just below Tc
Jump in superfluid 

helicity modulus
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How do we find Tc Finite-size scaling for a Kosterlitz-Thouless transition

helicity modulus just below Tc
Jump in superfluid 

helicity modulus

Tc
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4Size effects again…



4

Critical temperature

CDW and SUC are 
degenerated at half-

filling

Moreo and Scalapino PRL 91
Empty 
system
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Critical temperature

CDW and SUC are 
degenerated at half-

filling

Paiva et al PRB 2004

Empty 
system
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Collapse for larger system sizes: different TC



4Superconcting correlations for the repulsive Hubbard Model
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For the repulsive Hubbard model

d-wave correlations

Pair-field susceptibility

Vertex If 

Signals  a superconducting 
instability, similar to Stoner 
criteria
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Mondaini et al, PRB 86 184506 (12)
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Mondaini et al, PRB 86 184506 (12)

Sign problem 



4Thermodynamic correlations
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Specific heat

C = β(⟨E2⟩ − ⟨E⟩2) Used in classical Monte Carlo
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Specific heat

C = β(⟨E2⟩ − ⟨E⟩2) Used in classical Monte Carlo

QMC Product of 6 and 8 fermion operators

Large fluctuations
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Specific heat

C = β(⟨E2⟩ − ⟨E⟩2) Used in classical Monte Carlo

QMC Product of 6 and 8 fermion operators

Large fluctuations

AVOID
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Specific heat

C =
dE
dT

Obtain E in a very fine grid
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Specific heat

C =
dE
dT

Obtain E in a very fine grid

Paiva et al PRB 2001
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2D:  peak of the specific  heat

Paiva et al PRB 2001
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2D:  peak of the specific  heat AF at T=0  
(Mermin-Wagner theorem)

Charge fluctuations

Spin fluctuations
Large U

Paiva et al PRB 2001
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3D:  peak of the specific  heat

R. Staudt, M. Dzierzawa, and A. 
Muramatsu, Eur. Phys. 
J. B 17, 411 (2000).

TNeel
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3D:  peak of the specific  heat TNeel

R. Staudt, M. Dzierzawa, and A. 
Muramatsu, Eur. Phys. 
J. B 17, 411 (2000).

AF
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Nature 2024

T/t=0.229(2) 

S/N=0.216(2) kB

Bragg scattering
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Entropy

C =
dE
dT

Obtain E in a very fine grid

S(T) = ∫
T

0

C(T′￼)
T′￼

dT′￼
Integrate the specific heat
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C away from half-filling

Obtain E in a very fine grid

Compressibility

Thermal expansion coefficient
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T=t      10x10 square lattice

PRB 2026 Habitzreuter
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Thermal expansion coefficient

Anomalous behavior for U=6

PRB 2026 Habitzreuter
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Thermal expansion coefficient

Anomalous behavior for U=6

PRB 2026 Habitzreuter
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Entropy

C =
dE
dT

Obtain E in a very fine grid

S(T) = ∫
T

0

C(T′￼)
T′￼

dT′￼
Integrate the specific heat
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Entropy

C =
dE
dT

Obtain E in a very fine grid

S(T) = ∫
T

0

C(T′￼)
T′￼

dT′￼
Integrate the specific heat
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Entropy

C =
dE
dT

Obtain E in a very fine grid

S(T) = ∫
T

0

C(T′￼)
T′￼

dT′￼
Integrate the specific heat

Integration limits
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Entropy

 up-down

Residual entropy

s(T, U) = s(0,U) + ∫
T

0
e(T′￼, U)dT′￼
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Entropy

A-M Daré et al PRB 2007

 up-down

 down-up

n=1 s(β = 0) = 2ln2 − nlnn − (2 − n)ln(2 − n)

s(T, U) = s(0,U) + ∫
T

0
e(T′￼, U)dT′￼
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Entropy

Hubbard model on the Kagome  
lattice

Medeiros-Silva PRB 23

U

U
Cooling 

Heating
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PRB 2023, 
Medeiros-Silva et al

Adiabatical cooling

Important for cold 
atom experiments
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PRB 2023, 
Medeiros-Silva et al

Adiabatical cooling

Important for cold 
atom experiments
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Another way to extract the entropy

Obtain ∂n/∂T  for n=0 to n=2 in a fine grid of chemical potentials

Integrate in μ

s(μ, T) = ∫
μ

−∞
dμ′￼

∂n
∂T μ′￼
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T/t=0.5

Freitas Silva PRB 2023
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T/t=0.5

Freitas Silva PRB 2023

Mott plateau
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Freitas Silva PRB 2023
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Freitas Silva PRB 2023

Mott plateau
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Other quantities

Seebeck coefficient
SKelvin = −

1
e

∂μ
∂T V,n

=
∂s
∂n T,V

Low frequency: ℏω < U

Sign is related to carrier

Peterson and Shastry,  
PRB 2010
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Seebeck coefficient 

Sign is related to carrier -4
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Freitas Silva PRB 2023

Anomalous behavior as U 
increases

Additional sign changing 
densities
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Fermi surface restructuring

Sign is related to carrier

+

-



4QMC Implementations

DQMC

Others
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Legacy codes

ALF

QUEST

SmoQyDQMC

DQMC

ALPS



4

Variations of the codes produced by this group and their students

UC Santa Barbara

Legacy codes
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Modifications by different groups

Legacy codes
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• One code for each geometry 

• Different code for U> 0 and U <0 

• F77 

Main advantage: easy to make changes (for older 
people that are used to Fortran)

Legacy codes
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https://www.cs.ucdavis.edu/~bai/QUEST/index.html
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Richard Scalettar -  Dept of Physics

Zhaojun Bai -  Dept of Computer Science and Mathematics

 et. al

UC Davis

https://www.cs.ucdavis.edu/~bai/QUEST/index.html
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• Same code for positive and negative U and  different geometries 

• F90 

• Hubbard Model

Main advantage: easy to use and easy to implement 
different geometries, including disorder
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Square, triangle, honeycomb…

Lieb KagomeAnisotropic kagome

Dice

Decorated honeycomb 
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https://alf.physik.uni-wuerzburg.de/page/about/
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4Main advantage
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https://arxiv.org/pdf/2012.11914
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• Fortran and python interface 

• Not so easy to use

Main advantage: Different hamiltonians, T=0 and T ≠ 0
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https://smoqysuite.github.io/SmoQyDQMC.jl/stable/#SmoQyDQMC

SmoQyDQMC
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https://arxiv.org/abs/2311.09395
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SmoQyDQMC

• Julia implementation of DQMC 

• Different hamiltonians - Hubbard, extended Hubbard, e-ph 

Main advantage: very easy to instal and use
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alps.comp-phys.org/
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alpscore.org



4

arxiv.org/pdf/2610.03884



4

ALPS 3.0

• Python interface 

• Different numerical methods: Classical MC, QMC, DMRG
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Variational QMC

Diffusion QMC

Other 
implamentations
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https://github.com/sissaschool/turborvb

Sandro Sorella and Michele Casula
 and others along 20 years
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Variational QMC

Diffusion QMC
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https://qmcpack.org/

Variational QMC
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4End of fourth class


